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We introduce a new technique to analyze certain difference equations to obtain
some new type and also ‘‘best possible’’ oscillation and nonoscillation criteria for
the nonautonomous delay differential equation with piecewise constant argument
Ž . Ž . Ž . Ž . Ž . Ž . Ž .of the form y t  a t y t  b t y t 1  0, where a t and b t are continu-
 . Ž .  ous functions on 1, , b t  0, and  denotes the greatest integer function.
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1. INTRODUCTION
The oscillatory and nonoscillatory properties of solutions of differential
equations with deviating arguments have been the subject of many investi-
 gations. See, for example, 19, 1124 and the references cited therein.
Among these investigations, differential equations with piecewise constant
1 Ž .This work was supported by the State Scholarships Foundation IKY , Athens, Greece,
for a Post-doctoral research, and was done when the first author was visiting the Department
of Mathematics, University of Ioannina.
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 deviating arguments originated by Cooke and Wiener 5 and Shah and
 Wiener 22 have also been the subject of many recent investigations. See
 also 13, 6, 11, 13, 20, 23 and the comprehensive survey paper by Cooke
 and Wiener 7 . As mentioned in these references, the strong interest in
such equations is motivated by the fact that they represent a hybrid of
continuous and discrete dynamical systems and combine the properties of
both differential and difference equations.
Consider the linear delay differential equation with piecewise constant
deviating argument of the form
 y t  a t y t  b t y t 1  0, t 0, 1.1Ž . Ž . Ž . Ž . Ž .Ž .
Ž . Ž .  . Ž . Ž .where a t and b t are continuous functions on 1, , b t  0  0
 for t 0, and  denotes the greatest integer function.
Ž . Ž .By a solution of 1.1 we mean a function y t which is defined on the
 4 Ž .set 1, 0 	 0, and which satisfies the conditions:
Ž . Ž .  .i y t is continuous on 0, ;
Ž . Ž .  .ii the derivative y t exists at each point t
 0, , with the
   .possible exception of the points t 
 0, where one-sided derivatives
exist;
Ž . Ž .  . Ž .iii Eq. 1.1 is satisfied on each interval n, n 1 for n
N 0 ,
Ž .  4where N n  n , n  1, n  2, . . . , and n is any integer.0 0 0 0 0
Let A , A be any given real numbers. Then, as a result of Lemma 3.11 0
Ž .in Section 3, Eq. 1.1 has a unique solution y satisfying the conditions
y 1  A , y 0  A . 1.2Ž . Ž . Ž .1 0
Ž .As is customary, a nontrivial solution of 1.1 is said to be oscillatory if it
has arbitrarily large zeros; otherwise it is said to be nonoscillatory; Eq.
Ž .1.1 is said to be oscillatory if all nontrivial solutions are oscillatory; Eq.
Ž .1.1 is said to be nonoscillatory if all nontrivial solutions are nonoscilla-
tory.
 In 1987, Aftabizadeh et al. 3 established the following oscillation result
Ž  . Ž .see also Gyori and Ladas’s book 12, pp. 209213 : Eq. 1.1 is oscillatory¨
if
n t
lim sup b t exp a s ds dt 1, 1.3Ž . Ž . Ž .H Hž /n1 n2n
or
n 1n1 t
lim inf exp a s ds  lim inf b t exp a s ds dtŽ . Ž . Ž .H H Hž / ž /ž / 4n nn2 n1 n1
1.4Ž .
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and
n
lim sup a s ds. 1.5Ž . Ž .H
n1n
In the same paper they also considered the nonoscillation of solutions of
Ž . Ž . Ž .Eq. 1.1 with constant coefficients and proved that if a t  a, b t  b,
and
0 b aea4 ea  1 1.6Ž . Ž .
Ž .is satisfied, then Eq. 1.1 is nonoscillatory.
  Ž .In 3 , it was also pointed out that condition 1.4 is the ‘‘best possible’’
Ž . Ž . Ž .in the sense that when a t and b t are constants, condition 1.4 reduces
a Ž a .to b ae 4 e  1 which is a necessary and sufficient condition.
Ž . Ž . Ž .However, in the case when a t and b t are not constants, condition 1.4
Ž .can be improved. We also note that condition 1.5 which is essential in the
 proof of the corresponding result in 3 actually restricted the applications
of the result.
For the oscillation of delay differential equations with piecewise con-
stant arguments, we also mention that, in 1985 Aftabizadeh and Wiener
     1 , in 1987 Cooke and Wiener 6 , in 1988 Aftabizadeh and Wiener 2 , in
   1989 Wiener and Cooke 23 , in 1990 Huang 13 , in 1991 Gopalsamy et al.
   11 , and in 1992 Papaschinopoulos and Schinas 20 studied such equa-
Ž .tions systems of several types. However, most of these papers deal with
Ž .the constant coefficients case autonomous equations and the methods
used were to analyze their characteristic equations. Not so much has been
Ždeveloped for such equations with non-constant coefficients nonautono-
.mous equations . On the other hand, the study on the nonoscillation of
such equations is also scarce in the literature except some results in the
case of constant coefficients. See the above mentioned references.
In this paper, we introduce a new technique to analyze certain differ-
ence equations to obtain some new oscillation and nonoscillation criteria
Ž . Ž .for Eq. 1.1 . We also prove that Eq. 1.1 can be classified as oscillatory or
nonoscillatory, i.e., either all solutions are oscillatory or all solutions are
nonoscillatory. We emphasize the fact that our method yields ‘‘best possi-
ble’’ oscillation and nonoscillation criteria. These results essentially im-
prove all the known results in the literature.
2. STATEMENT OF MAIN RESULTS
Ž .THEOREM 2.1. Equation 1.1 is nonoscillatory if and only if it has a
Ž .nonoscillatory solution. This also implies that Eq. 1.1 is oscillatory if and
only if it has an oscillatory solution.
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Ž .In the following, for convenience, we let for any n
N 0
n n t
P  exp a t dt , Q  b t exp a s ds dt. 2.1Ž . Ž . Ž . Ž .H H Hn nž / ž /n1 n1 n1
Then
n t
Q P  b t exp a s ds dt. 2.2Ž . Ž . Ž .H Hn n1 ž /n1 n2
Ž .THEOREM 2.2. Equation 1.1 is oscillatory if
1
lim inf Q P  , 2.3Ž .n n1 4n
and nonoscillatory if
1
Q P  for large n. 2.4Ž .n n1 4
Ž . Ž . Ž .Remark 2.1. By the inequality lim inf AB  lim inf A  lim inf B ,
Ž . Ž .A, B 0, it is easy to see that 2.3 improves 1.4 . It should be noted that
Ž .condition 1.5 is no longer required in our Theorem 2.2. On the other
Ž . Ž .hand, both conditions 2.3 and 2.4 are ‘‘best possible’’ for the oscillation
Ž . Ž .and nonoscillation, respectively. Because in the case when a t and b t
Ž . a Ž a .are constants condition 2.3 reduces to b ae 4 e  1 and condition
Ž . Ž .2.4 reduces to condition 1.6 .
Ž .The following theorem improves condition 1.3 .
THEOREM 2.3. Assume that for some integer k 0
k i
lim sup Q P  Q P  1. 2.5Ž .Ý Łn n1 nj1 nj2ž /j0n i0
Ž .Then Eq. 1.1 is oscillatory.
Ž .In the following we establish other type also ‘‘best possible’’ oscillation
Ž . Ž . Ž . Ž .criteria for Eq. 1.1 in the case when 2.3 , 1.3 , and even 2.5 are not
 satisfied. Such an idea was initiated by Erbe and Zhang 9 and was
     developed by Kwong 17 , Elbert and Stavroulakis 8 , Yu and Wang 24 ,
   Koplatadze and Kvinikadze 16 , Philos and Sficas 21 , Jaros andˇ
   Stavroulakis 14 , and Kon et al. 15 for a linear delay differential equa-
tion. Our results are formulated in terms of the numbers  and M defined
by
 lim inf Q P and M lim sup Q P .n n1 n n1
n n
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THEOREM 2.4. Assume that 0  14 and that for some integer
k 0
k i
ilim sup LQ P  L Q P  1, 2.6Ž .Ý Łn n1 nj1 nj2ž /j0n i0
where
1'1 1 4
L .ž /2
Ž .Then Eq. 1.1 is oscillatory.
COROLLARY 2.1. Assume that 0  14 and
2'1 1 4
M . 2.7Ž .ž /2
Ž .Then Eq. 1.1 is oscillatory.
Remark 2.2. Observe that 0  14 implies L 1 and that L 1
Ž .if and only if  0. Also note that when  0 condition 2.6 reduces to
Ž . Ž . Ž .2.5 . However, it is clear that 2.6 improves 2.5 when 0  14. It is
Ž .interesting to observe that when  14 condition 2.7 reduces to
M 14, which cannot be improved in the sense that the lower bound
Ž Ž ..14 cannot be replaced by a smaller number cf. 2.4 .
The following is an illustrative example.
EXAMPLE. Consider the equation
1 
 y t  y t  b 1 cos t y t 1  0, t 0, 2.8Ž . Ž . Ž .Ž .ž /2 t 2
Ž .where b 5  2 . It is not difficult to see that
n t
b t exp a s ds dtŽ . Ž .H Hž /n1 n2
n  t 2
 b 1 cos t dtH ž /2 nn1
b 2n 3 2 n n 1 Ž .
  2 n sin  1 n sinŽ . Ž .½ 5n 2  2 2
4b n n 1 Ž .
 cos  cos ,2 ž /2 2n
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and so
n b  2 1 1Ž .t
 lim inf b t exp a s ds dt   ,Ž . Ž .H Hž /  5 4n n1 n2
n b  2  2Ž .t
lim sup b t exp a s ds dt   1.Ž . Ž .H Hž /  5  2Ž .n1 n2n
Ž . Ž . Ž .Thus, none of the conditions 1.3 , 1.4 , and 2.3 is satisfied. However, it
Ž .is easy to see that condition 2.7 is satisfied. Therefore, by Corollary 2.1,
Ž .Eq. 2.8 is oscillatory.
3. LEMMAS AND PROOFS
The proofs of the above results and also some lemmas which will be
used in these proofs will be given in this section.
Ž . Ž . Ž .LEMMA 3.1. i Let A and A be gien. Then 1.1 and 1.2 hae a1 0
 . Ž .unique solution y gien on n, n 1 , n
N 0 by
t t t
y t  A exp  a s ds  A b s exp  a u du ds, 3.1Ž . Ž . Ž . Ž . Ž .H H Hn n1ž / ž /n n s
 4 Ž .where the sequence A satisfies the difference recurrence equationn
n
A  A exp a s dsŽ .Hn1 n ž /n1
n t
A b t exp a s ds dt , n
N 1 . 3.2Ž . Ž . Ž . Ž .H Hn2 ž /n1 n1
Ž . Ž .ii Equation 1.1 has a nonoscillatory solution if and only if the
Ž .difference equation 3.2 has a nonoscillatory solution.
 4Here and afterwards, a nontrivial solution A of the difference equa-n
Ž . Ž .tion 3.2 is called oscillatory if for every n 
N 0 there exists n n1 1
such that A A  0; otherwise, it is called nonoscillatory.n n1
Ž . Ž . Ž . Ž .Proof of Lemma 3.1. i Let y t be a solution of 1.1 and 1.2 . Then
Ž . Ž .in the interval n t n 1 for any n
N 0 , Eq. 1.1 can be written in
the form
y t  a t y t  b t A  0, n t n 1, 3.3Ž . Ž . Ž . Ž . Ž .n1
where we use the notation
A  y n for n
N 1 .Ž . Ž .n
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Ž .Equation 3.3 can be rewritten as

t t
y t exp a s ds  b t exp a s ds A  0,Ž . Ž . Ž . Ž .H H n1ž / ž /ž /n n
n t n 1.
Taking integral from n to t, n t n 1, we have
st t
y t exp a u du  A  b s exp a u du ds A  0.Ž . Ž . Ž . Ž .H H Hn n1ž / ž /ž /n n n
3.4Ž .
Ž . Ž .This implies 3.1 . From 3.1 and by continuity, letting t n 1 and
Ž .  4replacing n by n 1, we obtain 3.2 . Conversely, let A be the solutionn
Ž .  4 Ž . Ž . Ž .of 3.2 and define y on 1, 0 	 0, by 1.2 and 3.1 . Then, clearly,
Ž . Ž . Ž . Ž .for every n
N 0 and n t n 1, 3.1 implies 3.3 and, in turn, 3.3
Ž . Ž .is equivalent to 1.1 in the interval n t n 1. Thus part i is proved.
Ž . Ž .Next, we will prove part ii . Assume that y t is a nonoscillatory
Ž .  4 Ž Ž ..solution of 1.1 . Then, A A  y n is a nonoscillatory solution ofn n
Ž .  4 Ž .3.2 . Conversely, assume that A is a nonoscillatory solution of 3.2n
Žsuch that eventually A  0 the case where eventually A  0 is similarn n
. Ž .and is omitted . From 3.4 , letting t n 1 and by continuity, we have
for n sufficiently large
sn1 n1
A exp a u du  A  A b s exp a u du ds 0.Ž . Ž . Ž .H H Hn1 n n1ž / ž /n n n
Ž .Then, by 3.4 , we obtain for n t n 1 with n sufficiently large
st t
y t exp a s ds  A  A b s exp a u du dsŽ . Ž . Ž . Ž .H H Hn n1ž / ž /n n n
sn1
 A  A b s exp a u du ds 0.Ž . Ž .H Hn n1 ž /n n
Ž . Ž .This shows that eventually y t  0 and so y t is a nonoscillatory solution
Ž .of 1.1 . The proof is complete.
From the proof of Lemma 3.1, we also can see that if all solutions of
Ž . Ž .3.2 are nonoscillatory then all solutions of 1.1 are nonoscillatory. Since
Ž . Ž .Eq. 3.2 is a second order linear difference recurrence equation, by the
  Ž .known result in 10 , we see that if one solution of 3.2 is nonoscillatory
then all its solutions are nonoscillatory. On the basis of this discussion and
by Lemma 3.1 and a simple analysis, we see that Theorem 2.1 is true.
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Ž . Ž .Observe that, by 2.1 , the difference equation 3.2 can be rewritten as
A  P A Q A , n
N 1 , 3.5Ž . Ž .n1 n n n n2
Ž . Ž . Ž .and, by Lemma 3.1, if y t is a solution of 1.1 , then A  y n satisfiesn
Ž .3.5 .
In the following, for convenience, we will assume that inequalities about
values of functions or sequences are satisfied eventually for all large t or
n.
 LEMMA 3.2. Assume that there exists h
 0, 14 such that
Q P  h for large n. 3.6Ž .n n1
 4 Ž . Ž .Let A be an eentually positie solution of Eq. 3.5 . Set for n
N 1n
A An1 n2Ž1. Ž2.W  P and W  Q .n n1 n nA An2 n1
Then
'1 1 4h
Ž i.lim sup W  , i 1, 2. 3.7Ž .n 2n
Ž . Ž .Proof. We first prove 3.7 for i 1. From 3.5 , we have
A  P A . 3.8Ž .n2 n1 n1
Ž1. Ž .This implies lim sup W  1 and so 3.7 holds for h 0. We nown n
Ž .consider the case when 0 h 14. From 3.8 , it follows that
An1
P  1  ,n1 1An2
or
An2 1  P . 3.9Ž .1 n1An1
Ž . Ž . Ž .Dividing both sides of 3.5 by A , then using 3.9 and next 3.6 wen1
have
A An n1 11 P   Q P  P   h. 3.10Ž .n 1 n n1 n 1A An1 n1
This yields
  h1Ž1.W    .n 21
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Following this iterative procedure, we obtain
  hmŽ1.W    , m 1, 2, . . . . 3.11Ž .n m1m
It is not difficult to see that 1           0, m1 2 m m1
1, 2, . . . . Hence, the limit lim    exists and satisfies 2   hm m
 0. Therefore, we have
'1 1 4h
Ž1.lim sup W  .n 2n
Ž . Ž . Ž .This shows 3.7 for i 1. Next we prove 3.7 for i 2. From 3.5 , we
have
A Q A , 3.12Ž .n1 n n2
A  P A Q A . 3.13Ž .n2 n1 n1 n1 n3
Ž .Inequality 3.12 yields
An2Ž2.W  Q  1  . 3.14Ž .n n 1An1
Ž . Ž .Thus, 3.7 holds for h 0. In the case when 0 h 14, from 3.13 ,
Ž . Ž .3.14 , and 3.6 , we have
A A Q An1 n3 n n3
1 P Q  P Qn1 n1 n1 n1A A  An2 n2 1 n2
h An3 Q .n1 A1 n2
This leads to
  h1Ž2.W    .n 21
Following this iterative procedure, we have
  hmŽ2.W    , m 1, 2, . . . .n m1m
Now the conclusion follows from the above inequalities and by same
arguments as in the case when i 1. The proof is complete.
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Ž .LEMMA 3.3. Let A satisfy 3.5 . Then the following equality holds for anyn
integer k 0
k1
A  P A  A QŁn2 n1 n1 nk4 nj1
j0
k i
 P Q A . 3.15Ž .Ý Łn i2 nj1 ni2ž /j0i0
Ž .Proof. From 3.5 , it follows that
A  P A Q A . 3.16Ž .n2 n1 n1 n1 n3
Induction gives for any i 1
A  P A Q A . 3.17Ž .n i1 ni ni ni ni2
Ž . Ž .Using 3.17 with i 2 and next i 3 in 3.16 , we have
A  P A Q P A Q Q An2 n1 n1 n1 n2 n2 n1 n2 n4
 P A Q P A Q Q P An1 n1 n1 n2 n2 n1 n2 n3 n3
Q Q Q An1 n2 n3 n5
2 1 i
 P A  A Q  P Q A .Ł Ý Łn1 n1 n5 nj1 ni2 nj1 ni2
j0 j0i0
By induction, it is not difficult to see that for k 1
k1 k i
A  P A  A Q  P Q A .Ł Ý Łn2 n1 n1 nk4 nj1 ni2 nj1 ni2
j0 j0i0
Ž . Ž . Ž .This, together with 3.16 and 3.17 , imply that 3.15 holds for k 0. The
proof is complete.
We now are in a position to prove the Theorems 2.22.4 and Corollary
2.1.
Ž . Ž .Proof of Theorem 2.2. We first prove that if 2.3 holds then Eq. 1.1 is
Ž .oscillatory. Suppose to the contrary that Eq. 1.1 has an eventually
Ž . Ž . Ž .positive solution y t . Then, by 2.1 and Lemma 3.1, A  y n satisfiesn
Ž .3.5 . Let
An1
R  .n P An n
DELAY EQUATIONS 395
Ž .Then 3.5 reduces to
1
1 Q P R ,n n1 n1Rn
or
Q Pn1 n
Q P R  . 3.18Ž .n1 n n 1Q P Rn n1 n1
Let
 Q P R . 3.19Ž .n n n1 n1
Ž .It is clear that 0   1. This implies  1   14 because ofn n n
Ž . Ž . Ž .max x 1 x  14. From 3.18 and 3.19 , we have0 x1
n1
Q P   1    1 Ž . Ž .n1 n n1 n n nn
1  Q P Rn1 n1 n n  
4  4Q P Rn n n1 n1
1 A An1 n1 Q P .n1 n1ž / ž /4Q P A An n1 n n2
Ž .By 2.3 , there exists a number c such that Q P  c 14. Let then n1
number h in Lemma 3.2 be 14. Then, by Lemma 3.2, for any number
Ž .	
 0, 14 we have for large n
A 1 A 1n1 n1
Q  , P  .n1 n1A 2 	 A 2 	n n2
Ž .2We choose such an 	 so that 1 2 	  c. Thus, we obtain
1 1 1 1
Q P     .n1 n 2 24Q P 42 	 4 2 	 cŽ . Ž .n n1
Ž . Ž .This contradicts 2.3 . Thus, Eq. 1.1 is oscillatory.
Ž . Ž .Next we prove that 2.4 implies that Eq. 1.1 is nonoscillatory. To this
end, we first show that the difference equation
1
y  , n
N 1 3.20Ž . Ž .n 1 a yn n1
 4has an eventually positive solution y , wheren
a Q P , n
N 1 .Ž .n n n1
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Ž .By 2.4 , without loss of generality, we may assume
0 a  14, n
N 1 . 3.21Ž . Ž .n
Set
1 1 4a' 1
, if a  01
 3.22Ž .2 a11, if a  0.1
Then 
 satisfies
1

 . 3.23Ž .
1 a 
1
We claim that
1 
 2. 3.24Ž .
Indeed, let
'1 1 4 x 1
f x  , 0 x .Ž .
2 x 4
Then
'1 2 x 1 4 x 1
f  x  , 0 x .Ž . 2' 42 x 1 4 x
Set
1'F x  1 2 x 1 4 x , 0 x .Ž .
4
Then
1 1
F x  2  1  0, 0 x .Ž . ž /' 41 4 x
Ž . Ž . Ž .Thus, F x is strictly increasing on 0, 14 . Since F 0  0, it follows that
Ž . Ž .F x  0 for 0 x 14. Therefore, f  x  0 for 0 x 14. Notice
Ž .that f 14  2 and
'1 1 4 x 1
lim f x  lim  lim  1,Ž . '2 xx0 x0 x0 1 4 x
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Ž . Ž . Ž .and we have 1 f x  2 for 0 x 14. This and 3.22 lead to 3.24 .
 4Now we define a sequence y byn
1
y  
 , y  , n
N 1 .Ž .0 n 1 a yn n1
It is clear that 1 y  2 and0
1 1
1 y    
 2.1 1 a y 1 a 
1 0 1
Ž .Thus, by 3.21 , we have
1 4
1 y    2.2 1 a y 4 22 1
Ž . Ž .By induction, we have 1 y  2 for n
N 1 . This shows that Eq. 3.20n
 4 Ž .  4has a solution y such that y  0, n
N 1 , and y satisfiesn n n
1
y  , n
N 1 . 3.25Ž . Ž .n 1Q P yn n1 n1
Next we define
1A  1, A  P y A , n
N 0 .Ž . Ž .1 n n n n1
Ž . Ž .Clearly, A  0 for n
N 1 . Substituting y  A  P A inton n n1 n n
Ž .3.25 , we obtain
A An1 n2
1Q P  1,n n1ž /P A P An n n1 n1
i.e.,
A  P A Q A , n
N 1 .Ž .n1 n n n n2
 4 Ž . ŽŽ ..This proves that A is a nonoscillatory solution of 3.5 3.2 . By Lemman
Ž .3.1 and Theorem 2.1, we see that Eq. 1.1 is nonoscillatory. The proof is
complete.
Proof of Theorem 2.3. Assume, for the sake of contradiction, that Eq.
Ž . Ž .1.1 has an eventually positive solution y t . Then, by Lemma 3.1, A n
Ž . Ž .y n satisfies 3.5 . Thus, A  P A . By induction, the iterative formulan1 n n
holds,
i1
A  A P , i 1, 2, . . . . 3.26Ž .Łn i n nj
j0
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Ž . Ž .By Lemma 3.3, A satisfies 3.15 . Now using A Q A and 3.26n n1 n n2
Ž .in 3.15 , we obtain
k i
A Q P A  Q P A .Ý Łn2 n n1 n2 nj1 nj2 n2
j0i0
Dividing both sides of the above inequality by A , we haven2
k i
1 lim sup Q P  Q P .Ý Łn n1 nj1 nj2ž /j0n i0
Ž .This contradicts 2.5 . The proof is complete.
Proof of Theorem 2.4. By Theorem 2.3, the conclusion holds when
 0. To prove the conclusion when 0  14, suppose to the con-
Ž . Ž .trary that Eq. 1.1 has an eventually positive solution y t . Then, by
Ž . Ž . Ž .Lemma 3.1, A  y n satisfies 3.5 . Since for any 
 0,  we haven
Q P    for large n, by Lemma 3.2, we haven n1
'A 1 1 4  Ž .n1
lim sup P  ,n1A 2n n2
'A 1 1 4  Ž .n2
lim sup Q  .nA 2n n1
Letting  0 we see the above two inequalities hold for  0. Thus, for
any sufficiently small 	 0, the following inequalities hold for n suffi-
ciently large
A  L P A , 3.27Ž .n1 	 n n
A  L Q A , 3.28Ž .n1 	 n n2
where
1'1 1 4
L   	 .	 ž /2
Ž .From 3.27 , by induction, we have the iterative formula
i1
iA  L P A , i 1, 2, . . . . 3.29Ž .Łn i 	 nj n
j0
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Ž . Ž . Ž . Ž .By Lemma 3.3, A satisfies 3.15 . Now using 3.28 and 3.29 in 3.15 , wen
have
k i1 i
iA  L Q P A  A P L P QÝ Ł Łn2 	 n n1 n2 n2 ni2 	 nj2 nj1
j0 j0i0
k i
i L Q P A  A L Q P .Ý Ł	 n n1 n2 n2 	 nj1 nj2
j0i0
Dividing both sides of the above inequality by A and taking the limit,n2
we have
k i
i1 lim sup L Q P  L Q P .Ý Ł	 n n1 	 nj1 nj2ž /j0n i0
Ž .Letting 	 0 we have L  L so that 2.6 and the above inequality lead	
to the contradiction
k i
i1 lim sup LQ P  L Q P  1.Ý Łn n1 nj1 nj2ž /j0n i0
The proof is complete.
Ž .Proof of Corollary 2.1. By 1.3 , the conclusion holds when  0. Let
Ž . Ž .0  14. It suffices to prove that 2.7 implies 2.6 . Indeed, notice
'1 1 4 
 1 ,
2 1 L
Ž . Ž .and by 2.7 , there exists an 	
 0,  such that Q P   	 andn n1
 	
L lim sup Q P  1 .n n1 1 L  	Ž .n
 Ž .mFrom this and the fact that L  	  0 as m , we have
k1
 	 1 L  	Ž . Ž . 4
L lim sup Q P  1n n1 1 L  	Ž .n
2 k1k 1  	  L  	  L  	 ,Ž . Ž . Ž .
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Ž .where k is some sufficiently large integer. The last inequality leads to 2.6
because
k i
2 k1i kL Q P   	  L  	  L  	 .Ž . Ž . Ž .Ý Ł n j1 nj2
j0i0
The proof is complete.
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